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We show that it is possible to perform a continuous Quantum Non-Demolition (QND) measure-
ment of the energy of a nano-mechanical resonator without a QND coupling to the resonator. This
technique makes it possible to perform such a QND measurement by coupling a nano-mechanical
resonator to a Cooper-pair Box and a superconducting transmission line resonator.
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It is now possible to construct nano-mechanical res-
onators with frequencies on the order of 100 MHz, and
quality factors of 105 [1–9]. This opens up the excit-
ing prospect of observing quantum behavior in meso-
scopic mechanical systems, implementing quantum feed-
back control in these devices [10, 11], and exploiting
them in technologies for such applications as metrology
and information processing [12]. The position of these
resonators can be monitored by using a single electron
transistor (SET) placed nearby [13–15], and such a mea-
surement has recently been realized close to the quan-
tum limit by Schwab et al. [7, 9]. However, a method for
performing a Quantum Non-Demolition (QND) measure-
ment of the energy of a nano-resonator, so as to project
it onto an energy eigenstate (a Fock state containing an
exact number of phonons) is much more difficult to de-
vise. The only method known to date [16, 17] employs
a nonlinear coupling to a second mechanical resonator,
and constructing this coupling with sufficient strength is
challenging [16]. Here we will show, contrary to the or-
thodox wisdom [18], that it is possible to perform a QND
measurement of energy without an interaction which com-
mutes with the energy (a necessarily non-linear “QND
coupling”). We show how the resulting measurement can
be applied to a nano-resonator, but is certainly not re-
stricted to these systems. A continuous QND measure-
ment of the energy of a resonator is of interest because
it will allow one to probe the quantum nature of the res-
onator, and this will be discussed in more detail later.
We are also motivated to consider such measurements
because of their use in state-preparation and feedback
control [11].
To begin it is worth discussing the anatomy of a quan-
tum measurement in some detail. To perform a mea-
surement of an observable A of a quantum system one
couples the system to a second “probe” system. If one
choses an interaction Hamiltonian H = ~λAB, where B
is an observable of the probe, then after a time t, this will
cause a shift of λAt in the probe observable conjugate to
B, which we will call C. This shift in C can be measured
to obtain the value of A. The observable B is chosen so
that its conjugate observable C can be easily measured
directly by an interaction with a classical apparatus. To
obtain a continuous measurement of A one proceeds in
an analogous fashion, except that the interaction is kept
on, and C is continually monitored. Such a measurement
provides a continual stream of information about A, and
is usually referred to as a continuous measurement [19].
A continuous QND measurement is one in which the
Hamiltonian of the system commutes with A. The term
quantum non-demolition comes from the fact that nei-
ther the measurement nor the free evolution disturbs the
eigenstates of A: once the measurement has projected
the system into an eigenstate of A it remains there. If
the system is also subjected to weak noise from an en-
vironment which does disturb A, then the result is the
observation of jumps between the eigenstates of A.
The above discussion implies that to perform a QND
measurement of A one must posses an interaction Hamil-
tonian proportional to A or an operator that commutes
with A (such as A2). This is because any interaction pro-
portional to an observable X with [A,X ] 6= 0, while it
may indirectly provide information about A, will collapse
the system to the eigenstates ofX , and thus disturb those
of A. For a nano-mechanical resonator linear interactions
are easy to engineer but non-linear interactions of suffi-
cient strength are not, and this is the primary difficulty
with performing QND energy measurements [16, 17].
We now show that the above argument is not com-
plete; a measurement that projects the system onto the
energy eigenstates can be performed using a linear inter-
action. The key observation which leads to this result
is that the information provided by the probe depends
not only on the interaction but also on the dynamics
of the probe. Consider a linear coupling of the form
H = ~λxRxP, where xR ≡ a + a† is the resonator po-
sition, and xP ≡ b + b† is the position of the probe sys-
tem, which we will take to be a harmonic oscillator with
the same frequency as the resonator, ωR. This coupling
transfers energy between the two oscillators, as well as
2correlating their phases. If λ ≪ ωR then the rotating
wave approximation gives H = ~λ(ab†+ ba†) which is an
explicit interchange of phonons.
Now consider what happens if we perform a continuous
QND measurement of the energy of the probe oscillator.
Since the energy of the resonator continually feeds into
the probe oscillator (and vice versa), this measurement of
the probe must tell us about the energy of the resonator.
We should therefore expect the measurement to localize
both the probe and the resonator to their energy eigen-
states. How is this consistent with the discussion above,
which implies that the linear coupling provides informa-
tion about the phase, and will thus disturb energy eigen-
states? This can be understood as follows. The interac-
tion does transfer phase information from the resonator
to the probe, but since this phase information is carried
in the phase of the probe, it is continually destroyed by
the energy measurement preformed on the probe. Since
the probe is projected into an energy eigenstate, the in-
teraction does not imprint a phase back on the resonator
from the probe, and there is nothing to prevent it local-
izing to an energy eigenstate.
To test the above intuition, we now simulate the evo-
lution of the coupled oscillators. The stochastic master
equation describing their dynamics is
dρ = −(i/~)[H, ρ]dt− k[N, [N, ρ]]dt
+4k[Nρ+ ρN − 2〈N〉ρ](dr − 〈N〉dt), (1)
where N ≡ b†b is the phonon number operator for the
probe, H = ~λ(ab†+ ba†), k is the strength of the energy
measurement on the probe. The observers measurement
record is dr = 〈N〉dt + dW/
√
8k, where dW is Gaussian
white noise satisfying the relation dW 2 = dt [20]. The
observer obtains ρ(t) by using her measurement record
to integrate Eq.(1). The simulation is performed using
a second order integrator for the deterministic motion,
and a simple half-order Newton integrator for the noise
term. This involves picking a random Gaussian variable
with variance ∆t at each time-step ∆t. We choose the
initial states of the two oscillators as coherent states with
mean phonon number 2, and measure time in units of
k. Since there is no additional noise appart from that
induced by the measurement, we can use the stochastic
schro¨dinger equation equivalent to Eq.(1), which reduces
the numerical overhead [21].
The results of the simulation are depicted in Figure 1.
Setting the initial value of λ = k/20, we find as expected
that the resonator’s energy variance reduces essentially to
zero at rate λ. The measurement thus projects the sys-
tem onto the energy eigenbasis as required. If we start the
probe system in a known energy eigenstate (by measur-
ing its energy before we switch on the interaction), then
the measurement process also provides full information
regarding the initial energy of the resonator. However,
the interaction causes an additional effect: the two os-
FIG. 1: Here we plot the evolution of the nanomechanical
resonator and the probe oscillator: (a) the energy of the res-
onator; (b) the energy of the probe; (c) the variance of the
energy of the resonator. The interaction strength λ = k/20
for tk < 50, and λ = 7.5× 10−3k for tk ≥ 50.
cillators undergo equal and opposite quantum jumps be-
tween their energy eigenstates. (After a time of t = 50/k
we reduce λ. This reduces the rate of jumps so that both
the jumps and the periods of stability are clearly visible.)
This behavior can be understood as follows. The energy
measurement tends to keep the resonator and the probe
in their energy eigenstates because of the quantum Zeno
effect. However, the interaction is continually trying to
transfer energy between the two oscillators, and at ran-
dom intervals this overcomes the quantum Zeno effect
and the two oscillators jump simultaneously between en-
ergy states. The jumps are equal and opposite and thus
preserve their combined phonon number. The rate of
the jumps is determined by the relative size of λ and k:
when k ≫ λ the jumps are suppressed by the quantum
Zeno effect, the energy transfer rate is reduced, and cor-
respondingly the rate of information extraction from the
system is also reduced.
While this measurement technique does continually
project the resonator onto the basis of energy eigenstates,
as required of a QND measurement, it also interferes with
the projected state, in the sense that it causes jumps to
other eigenstates. We feel that it is reasonable to refer to
the resulting measurement as a QND measurement be-
cause it never takes the system outside the basis of the
QND observable, although doing so does involve a slight
3generalization of the term QND. To obtain a QND mea-
surement in the strict sense one can increase the value
of k after the state-reduction has occurred, so that the
system remains stable on the desired time-scale.
So far we have been considering a Harmonic oscillator
as the probe system. We note now that since a harmonic
oscillator truncated to it lowest two energy levels is a two-
level system, this suggests that one might be able to use a
two-level system as a probe in the same way. This would
increase considerably the range of possible experimental
realizations. We find that this is indeed the case; a two-
level system (TLS) is similarly effective at projecting the
nanomechanical resonator onto an energy eigenstate. If
we truncate the probe harmonic oscillator to its lowest
two levels, then the interaction between the system and
probe becomesH = λσxxR, and the energy measurement
on the probe is a measurement of σz . In figure 2, we plot
the evolution of the energy of the resonator under such
a measurement. Whereas in our previous simulations we
assumed that λ ≪ ωR and made the rotating wave ap-
proximation, here we make no approximation. We choose
k = ωR/20, and λ = (3/4)k, so that there are rapid ex-
changes of energy between the two systems. Once again
the variance of the nano-resonator’s energy reduces as
required, but this time the resonator jumps (rapidly) be-
tween only two adjacent energy levels, since the TLS has
only two energy states. We also see a new effect due to
the fact that the total number of excitations is no longer
preserved by the interaction (because we have not made
the rotating wave approximation). Because of this the
resonator gets energy kicks from the TLS that are not
associated with a flip of the TLS state. These are occa-
sionally sufficient to cause the resonator to jump between
phonon states, shifting the offset of the rapid oscillations
up or down by one phonon.
We now show how such an energy measurement can
be implemented using a Cooper-Pair-Box (CPB) cou-
pled in turn to a superconducting transmission-line res-
onator [22]. A CPB is a superconducting island, whose
two charge states consist of the presence or absence of a
Cooper-pair on this island. If we work at the degeneracy
point where the two charge states have the same charging
energy, then the free Hamiltonian of the CPB contains
only the Josephson tunneling term EJσx. If we place the
CPB adjacent to the voltage-biased nano-resonator, we
obtain the coupling term λσzxR [23]. If we then place the
CPB in a superconducting resonator (SR), and detune
the Josephson tunneling frequency EJ/~ from the SR fre-
quency ωS by an amount ∆, then the interaction between
the CPB and the superconducting resonator is well ap-
proximated by the Hamiltonian H = ~(g2/∆)σxc
†c [24].
Here c is the annihilation operator for the SR mode and g
is the so-called “circuit QED” coupling constant between
the CPB and the SR [25]. The approximation involves an
adiabatic elimination of oscillations at frequency ∆, and
as such requires that ∆≫ g. Thus the full Hamiltonian
FIG. 2: Here we plot the evolution of the nanomechanical
resonator under a measurement by a Cooper-pair box, as well
as histograms of the distribution of the average phonon num-
ber over the evolution. (a) Zero temperature (T = 0) and
no damping (Γ = 0); (b) T = 6mK and Γ = k/500; (c)
T = 32mK and Γ = k/2500.
















This achieves the required configuration in which the
nano-resonator is coupled to a CPB via one Pauli op-
erator, and the CPB is coupled to a second probe sys-
tem via a second Pauli operator. All that is required
now is that we use the second probe system to perform
a continuous measurement of σx. The interaction term
~(g2/∆)σxc
†c means that the σx eigenstates of the CPB
generate a frequency shift of the SR, which in turn pro-
duces a phase shift in the electrical signal carried by a
transmission line connected to the SR. Two methods for
continuously monitoring this phase shift with high fi-
delity have been devised by Sarovar et al. [24]. If one
performs a continuous measurement of the phase of the
SR output signal, then one can adiabatically eliminate
the SR and obtain an equation describing the continuous
measurement of the CPB [19]. This equation is precisely
Eq.(1) but with phonon number N replaced by σx. The
important quantity is the final measurement strength k of
this σx measurement. The adiabatic elimination results
in the measurement strength k = (g4|α|2)/(∆2γ), where
γ is the decay rate of the SR, and |α|2 is the average num-
4ber of photons in the SR during the measurement. The
adiabatic elimination requires that γ ≫ g2/∆. We note
that this second inequality is merely required to ensure
the accuracy of our expression for k — the measurement
can be expected to remain effective without it.
Readily obtainable values for the circuit QED param-
eters are g = pi×108 s−1 and γ as low as 6×106 s−1 [25].
If we choose a 100 MHz oscillator we can set the CPB
frequency to match it, so that EJ = ~ωR. A realistic
frequency for the superconducting resonator is 10 GHz,
giving ∆ ≈ 2pi × 1010 s−1 and g = ∆/200. Setting
γ = pi × 107 s−1 satisfies our second inequality by a fac-
tor of 20. Choosing even a modest value of |α|2 = 500
provides a measurement strength of k = 4×107s−1. The
interaction strength λ is not a limitation, and can easily
be as high as 108 s−1 [11, 23]. Nano-resonators typically
have quality factors of Q = 105, giving a damping rate
of Γ ≈ 104 s−1.
We now turn to the question of observing the quantum
nature of the resonator. In this measurement scheme
the quantum behavior of the resonator is not manifest
in energy jumps resulting from exchanges of excitation
number with the CPB; even if the resonator were clas-
sical these jumps would occur because the CPB states
are discrete. The discrete nature of the resonator states
are manifest in the fact that the energy measurement lo-
calizes the resonator energy to integer multiples of ~ωR,
rather than just any value consistent with the thermal
distribution. As a result the rapid oscillations due to ex-
citation exchanges only occur between these values (to
within the energy localization induced by the measure-
ment). Further, thermal noise does not cause the oscil-
lator to undergo Brownian motion as it would during a
continuous energy measurement on a classical oscillator,
but instead induces quantum jumps between the discrete
levels. The result is that a histogram of the values of 〈N〉
over time are peaked at integer values of ~ωR, in sharp
contrast to the classical case.
Since we can achieve k ≫ Γ, we would expect to be
able to observe the discreteness of the energy levels at
low temperatures. We now perform numerical simula-
tions to verify this. These simulations are numerically
intensive, so we make the rotating wave approximation,
and to include the thermal noise we use an approxima-
tion to the Brownian motion master equation [26] that
takes the Lindblad form [27]: ρ˙ = Γ(ξ + 1)D[a/2]ρ +
ΓξD[a†/2]ρ. Here Γ is the damping rate of the resonator,
ξ = coth[~ωR/(2kBT )] (where T is temperature), and
D[c]ρ = 2cρc† − c†cρ − ρc†c for any operator c. We plot
the results in Figure 2 for a 100MHz resonator observed
for a time of t = 800/k. Figure 2(b) shows the results for
k = 500Γ and T = 6 mK and Figure 2(c) for k = 2500Γ
and T = 32 mK. For each case we plot the histogram
of 〈N〉, and this shows that the peaks at integer values
are clearly visible. We also see that the effect of the
thermal noise is larger when the resonator is in higher
energy eigenstates; as the phonon number increases the
peaks are washed out and the behavior of 〈N〉 becomes
indistinguishable from Brownian motion.
Acknowledgements: K.J. and P.L. were supported by
The Hearne Institute for Theoretical Physics, The Na-
tional Security Agency, The Army Research Office and
The Disruptive Technologies Office. M.B. is supported
by a NIRT grant from NSF.
[1] A. N. Cleland and M. L. Roukes, Nature 392, 160 (1998).
[2] H. G. Craighead, Science 290, 1532 (2000).
[3] M. Zalalutdinov, B. Ilic, D. Czaplewski, A. Zehnder,
H. G. Craighead, and J. M. Parpia, Appl. Phys. Lett.
77, 3287 (2000).
[4] E. Buks and M. L. Roukes, Europhys. Lett. 54, 220
(2001).
[5] X. Ming, H. Huang, C. A. Zorman, M. Mehregany, and
M. L. Roukes, Nature 421, 496 (2003).
[6] R. G. Knobel and A. N. Cleland, Nature 421, 291 (2003).
[7] M. D. LaHaye, O. Buu, B. Camarota, and K. C. Schwab,
Science 304, 74 (2004).
[8] R. L. Badzey and P. Mohanty, Nature 437, 995 (2005).
[9] A. Naik, O. Buu, M. D. LaHaye, A. D. Armour, A. A.
Clerk, M. P. Blencowe, and K. C. Schwab, Nature 443,
193 (2006).
[10] K. Jacobs, Proceedings of the 6th Asian Control Confer-
ence p. 35 (2006).
[11] A. Hopkins, K. Jacobs, S. Habib, and K. Schwab, Phys.
Rev. B 68, 235328 (2003).
[12] A. N. Cleland and M. R. Geller, Phys. Rev. Lett. 93,
070501 (2004).
[13] M. P. Blencowe and M. N. Wybourne, Appl. Phys. Lett.
77, 3845 (2000).
[14] Y. Zhang and M. Blencowe, J. Appl. Phys. 91, 4249
(2002).
[15] M. P. Blencowe, Phys. Rep. 395, 159 (2004).
[16] D. H. Santamore, A. C. Doherty, and M. C. Cross, Phys.
Rev. B 70, 144301 (2004).
[17] D. H. Santamore, H.-S. Goan, G. J. Milburn, and M. L.
Roukes, Phys. Rev. A 70, 052105 (2004).
[18] D. F. Walls and G. J. Milburn, Quantum Optics
(Springer, New York, 1995).
[19] A. C. Doherty and K. Jacobs, Phys. Rev. A 60, 2700
(1999).
[20] D. T. Gillespie, Am. J. Phys. 64, 225 (1996).
[21] H. M. Wiseman, Quantum Semiclass. Opt. 8, 205 (1996).
[22] Y. Nakamura, Y. A. Pashkin, and J. S. Tsai, Nature 398,
786 (1999).
[23] A. D. Armour, M. P. Blencowe, and K. C. Schwab, Phys.
Rev. Lett. 88, 148301 (2002).
[24] M. Sarovar, H.-S. Goan, T. P. Spiller, and G. J. Milburn,
Phys. Rev. A 72, 062327 (2005).
[25] A. Blais, R.-S. Huang, A. Wallraff, S. M. Girvin, and
R. J. Schoelkopf, Phys. Rev. A 69, 062320 (2004).
[26] A. Caldeira, H. Cerdeira, and R. Ramaswamy, Phys. Rev.
A 40, 3438 (1989).
[27] G. Lindblad, Rep. Math. Phys. 10, 393 (1976).
